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Abstract
We introduce the notion of harmonic triangulations: a harmonic triangulation
simultaneously minimizes the Dirichlet energy of all piecewise linear functions.
By a famous result of Rippa, Delaunay triangulations are the harmonic
triangulations of planar point sets. We prove by explicit counterexample that in
3D a harmonic triangulation does not exist in general. However, we show that
bistellar flips are harmonic: if they decrease Dirichlet energy for one set of
function values, they do so for all. This observation gives rise to the notion of
locally harmonic triangulations. We demonstrate that locally harmonic
triangulations can be efficiently computed, and efficiently reduce sliver
tetrahedra. The notion of harmonic triangulation also gives rise to a scalar
measure of the quality of a triangulation, which can be used to prioritize flips
and optimize the position of vertices. Tetrahedral meshes generated by
optimizing this function generally show better quality than Delaunay-based
optimization techniques.
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